Abstract. Let Ξ(x) be the distribution of convex sets over a domain D ⊂ R n and let φ : ∂D → R be a function. We consider the existence problem of locally Lipschitz functions f defined in the domain D so that f | ∂D = φ and ∇f (x) ∈ Ξ(x) almost everywhere in D. These questions are related to the existence problem for space-like surfaces of arbitrary codimension with prescribed boundary in Minkowski space.
Introduction
Let R n+1 1 be an (n + 1)-dimensional Minkowski space, that is an (n + 1)-dimensional pseudo-Euclidean space with a metric of signature (1, n) . Let x = (x 1 , x 2 , . . . , x n ) and χ = (t, x) ∈ R n+1 1 . For an arbitrary pair of vectors χ = (t , x ) and χ = (t , x ) in R n+1 1 we will set the inner product to be We say that a non-zero vector χ ∈ R (1)
The problem of describing the sets of admissible functions in the variational problem for the area functional (1) with Dirichlet boundary condition f | ∂D = φ is transformed into the following problem of extension for functions under restrictions on the gradient: 
and on the extension problem formulated above we may consider functions having property ( [6, 7] ).
In the present paper we study the following general problem of extension for functions under restrictions on the gradient.
Let D ⊂ R n be a domain. Suppose that for every point χ = (t, x) ∈ R n+1 1 with x ∈ D the set Ξ(x, t) ⊂ R n is defined. We will say that the distribution of sets Ξ(x, t) is locally uniformly bounded over the domain D, if for every point x 0 ∈ D there is a neighborhood U (x 0 ) of that point and a number R > 0 such that for all x ∈ U (x 0 ) the sets Ξ(x, t) contain inside an n-dimensional ball B(0, R) ⊂ R n . Let us fix an arbitrary distribution of sets Ξ(x, t) over the domain D ⊂ R n . Then φ : ∂D → R is a boundary function. We require to find conditions for the existence of a function f ∈ Lip D with the property f | ∂D = φ and such that ∇f (x) = ∂f ∂x 1 (x), . . . , ∂f ∂x n (x) is in Ξ(x, f (x)) a.e. in D.
The case in which the sets Ξ = Ξ(x) are uniformly bounded, convex and symmetric was studied in [4] . In that paper, the authors build some Finsler metric ρ by a prescribed continuous distribution of Ξ(x), and they show a criterion for the existence of the extension for functions φ : ∂D → R to a locally Lipschitz function f : D → R, defined on the domain D and having property (3) .
In the present paper we give a criterion for the solvability of problem (3) in the general case of locally bounded convex sets Ξ = Ξ(x), not necessarily open and symmetric. We also replace the condition of continuity of the distribution Ξ(x) by the weaker integral condition.
The problem is the key problem for the description of admissible functions for the area functional of space-like and time-like surfaces in Minkowski space and in warped Lorentz products. A partial solution of the problem in [4] led to very general theorems of existence and uniqueness for solutions of the Dirichlet problem with singularities for the maximal surface equation in Minkowski space [5] .
Below we apply our results to the general existence problem for k-dimensional space-like surfaces with prescribed boundary in the Minkowski space R n+1 1 (2 ≤ k ≤ n) and in warped Lorentz products M × δR with a warping function of the general form δ = δ(m, t).
The basis of our approach to the extension problem with restrictions on the gradient is the reduction of this problem to some problem about Lipschitz extension in Finsler spaces [9] associated with the distribution of convex sets Ξ(x) over the domain D. Moreover, abandoning conditions of symmetry and uniform boundedness of sets Ξ(x) substantially complicate the problem, because the Finsler pseudometrics which arise do not satisfy the traditional axioms of a metric space. So, asymmetry of the sets Ξ(x) implies the omission of the symmetry axiom for the Finsler pseudometric. Giving up of the local uniform boundedness condition for the distribution of the sets Ξ(x) implies giving up the identity axiom. Besides, in the general case, the (pseudo)metric can take values on the extended line R = R ∪ {−∞} ∪ {+∞}. a topology associated with the pseudometric p as the topology determined by the system of neighborhoods
Thus, the concept of limit for the function f : X → R at a point and the concepts of continuity and uniform continuity can be introduced by standard way.
Let S be a subset of
The smallest of the constants L we shall call a Lipschitz constant and denote it by Lip (φ, S). Further, we restrict the study to functions φ for which Lip (φ, S) ≤ 1. We define some additional notions. For an arbitrary triple of points x, y, z ∈ X we set
.
Since p is a pseudometric, then Λ(x, y, z) ≤ 1. The condition Λ(x, y, z) = 1 implies that the points x, y, z are situated on a 'geodesic line' with respect to the pseudometric p. We will call by a pseudodistance from set P to set S the quantity
We will call by a distance between sets P, S ⊂ X the quantity
dist (P, S) = max p(P, S), p(S, P) .
A set U ∈ X is said to be p-compact, if a subsequence convergent to some point x 0 ∈ U may be chosen from every sequence {x m } of points of the given set U .
Lemma 1. Let S ⊂ X be an arbitrary set and let φ : S → R be a function with
Then there is a function f : X → R with f | S = φ such that
Proof. We set
Then for an arbitrary ε > 0 and any x , x ∈ X there are points y , y ∈ S such that
Similarly, we obtain
Since ε > 0 was arbitrary, the lemma is proved Our main problem in the present section is the extension problem of functions from the boundary into a domain with Lipschitz constant strictly separated from 1 on every compact subset of the domain. The lemma formulated below is a key one in the construction algorithm for this p-Lipschitz extension.
Fix a set S ⊂ X . Let φ be a p-Lipschitz function with Lip (φ, S) ≤ 1. For arbitrary δ > 0 and µ with 0 < µ < 1 we set
Note that, for Lip (φ, S) < 1, A µ δ (φ, S) = ∅ for µ sufficiently close to 0. Lemma 2. Let P, Q, S ⊂ X be mutually disjoint sets and p(P, S) > 0. Let φ : S → R be a p-Lipschitz function having the property
Then there is a function f : P → R and a constant L 0 < 1 such that
Proof. We put ∆ = p(P, S). By condition (4), for δ =
We set
and consider the function
where
We fix arbitrary ξ, η ∈ P. For given ε > 0 points x ε , y ε ∈ Q ∪ S are found such that
and by virtue of the arbitrary choice of ε > 0, we obtain (7). We shall prove inequalities (8) - (9) simultaneously. Let ξ ∈ P and x ∈ S ∪ Q.
which implies the validity of inequalities in the right parts of (8) - (9) . Let us show that
We have
We carry out the following arguments separately depending on the placement of the points x, x ε on the sets Q and S.
β) Let x ∈ S and x ε ∈ Q, or x ∈ Q and x ε ∈ S. Then, as above, by virtue of (6) we have
From here we obtain
Combining the cases α) − ε) and passing to the limit as ε → 0, we get
that implies the validity of the left inequalities in relations (8) - (9) and the lemma is proved
Suppose that the pseudometric space (X , p) is a so-called arcwise connected one and that the pseudometric p coincides with the so-called pseudointrinsic distance.
Let us explain the terminology. By a arcwise connected spaces (X , p) we designate spaces with the property that for all x, y ∈ X there is a continuous mapping γ : [0, 1] → (X , p) such that γ(0) = x and γ(1) = y. We also say that p coincides with the pseudointrinsic distance in X if p(x, y) = inf γ |γ| p , where the infimum is taken over all curves γ joining the points x and y. Moreover,
where the supremum is calculated over all partitions of the segment [0, 1] by points 0 = t 1 ≤ t 2 ≤ . . . ≤ t n+1 = 1. We note that the length |γ| p of a curve depends on how one traces the curve γ.
The following statement provides the main result of this section.
Lemma 3. Let (X , p) be a pseudometric space with the described properties. Let S ⊂ X be an arbitrary subset and let φ : S → R be a p-Lipschitz function. In order that the function φ be a trace of some function f : X → R satisfying the conditions
it is sufficient that
(13)
In the case when either the function φ or the set S is bounded, condition (13) is also necessary.
Proof. First we prove sufficiency. For an arbitrary k ∈ N we set
It is not hard to see that the sets Ω k are closures of the sets Ω k in the topology determined by the pseudometric p. Using property (13) and Lemma 2 for P = Ω 1 and Q = ∅, we find a constant L 1 < 1 and a function u 1 :
Now, using (13) and Lemma 2 for P = Ω 2 \ Ω 1 and Q = Ω 1 , we find a constant L 2 < 1 and a function u 2 :
Continuing this process for an arbitrary k > 1 we find a constant L k < 1 and a function u k :
Thus, the functionf is equal u k on Ω k and is defined on the set ∪ ∞ k=1 Ω k . It is clear thatf has properties (11) -(12) by construction.
We put S = {x ∈ X : dist (x, S) = 0}. It is obvious that ∪
. Let us show that the limit exists and does not depend on the choice of the sequence. As
the sequence φ(y k ) is fundamental in R and has a limit. The independence of this limit from the sequence {y k } can be established similarly.
It remains to show that the function
Similarly,
From here we conclude that f | S = φ. Finally, we turn to the proof of necessity. Assume that the function φ : S → R is a trace of some function f : X → R satisfying condition (11) on the set S ⊂ X . Then for all p-compact U with dist (U, S) > 0 there is ε > 0 and constant L < 1 such that for any ξ ∈ U under every η ∈ {x ∈ X :
a) First we consider the case when the set S is bounded, that is sup
Let γ be a path leading from x to ξ and such that
and by arbitrarity in the choice of δ > 0 we obtain
Suppose that property (13) does not hold. There is a sequence of points x m , y m ∈ S and z m such that inf m dist (z m , S) = ε > 0. And there is a δ 1 > 0 such that, for all
On the other hand, it follows from (14) that
This contradicts (15) 
Hence, we can find a constant
Repeating arguments of section a), we come to (13). The lemma is completely proved
We need the following construction. Let p : X × X → R be a function having properties α) − β) of a pseudometric described above. We introduce the space X as union ∪ a∈A X a of subsets X a ⊂ X such that for all a ∈ A and for all x, y ∈ X a the values p(x, y) and p(y, x) are finite. On each of the sets X a the function p induces a pseudometric. We shall say that the space (X , p) is arcwise connected if any pseudometric space (X a , p) is arcwise connected. In the case when for every a ∈ A the pseudometric p is an intrinsic distance in the space (X a , p) we say that the function p is an intrinsic distance in X .
The next lemma follows immediately from Lemma 3.
Lemma 4. Let (X , p) be arcwise connected and p be an intrinsic distance on X . Let S ⊂ X be an arbitrary set and let φ : S → R be a function satisfying the condition
In order that the function φ be the trace of a function f : X → R satisfying conditions (11) − (12) it is sufficient for φ to have property (13) on every subset S ∩ X a with a ∈ A. In the case when on every X a either the function φ or the set S ∩ X a is bounded, condition (13) is also necessary.
In the case when the pseudometric p is a metric, i.e. it satisfies the axioms of identity and symmetry, the existence criterion of p-Lipschitz extensions of a function can be formulated in a clearer manner.
For an arbitrary pair of points x 1 , x 2 ∈ X we put
Note that the set Γ(x 1 , x 2 ) is non-empty because at least
if and only if φ has the properties
Proof. Condition (16) means that φ is a Lipschitz function on K. Therefore, to prove the theorem we establish that conditions (17) and (13) are equivalent. In fact, suppose that (17) holds. We shall show that for any set U with U ⊂ X \ K and for any δ > 0 there is number m 0 for which
We suppose the opposite, i.e. there are δ > 0, points
From the assumptions for the sets K and U , there are points x 0 , y 0 ∈ K and z 0 ∈ U for which
From this and (18) we get p(
On the other hand, since (
Passing to the limit as m → ∞ we obtain φ(
what contradicts to (17). Hence condition (13) holds. Inversely, let us suppose that condition (13) holds. Then we shall show that condition (17) holds too. Again we suppose the opposite. Then there are points
and we obtain a contradiction. The theorem is proved
Finsler metric
The extension problem of functions with restrictions on the gradient can be reduced to the problem about Lipschitz extensions in Finsler spaces. Using results from the previous section, we obtain very general theorems answering the formulated problem.
Let Ω ⊂ R n be a domain and let Φ be a function, determined in Ω × R n , which takes values in R and such that the following conditions are fulfilled: It is clear that the function H has properties a) -c). We define the set
We also note the formula H(x, η) .
In the general case the function H takes on Ω × R n values in R. Infinite values of H arise in the cases when the convex set Ξ(x) is unbounded. On the other hand, it is not difficult to see that the set Ξ(x) is bounded if and only if h(x) < +∞.
It is useful to consider the following example. 
We put
By virtue of the arbitrary choice of ε > 0, the triangle axiom is realized. In the case of conversion in +∞ for even one of the quantities ρ(x, z) or ρ(z, y) inequality α) is obvious Later we shall call a pseudometric which has properties α) and β) by Finsler pseudometric.
Let us consider the case when the distribution Ξ(x) of convex sets is locally uniformly bounded. Let Ω be a domain in R and let ρ be a Finsler pseudometric. We shall assume that the function h is locally bounded in Ω, fix a subdomain Ω ⊂⊂ Ω and set h = sup x∈Ω h(x). For an arbitrary pair of points x 1 , x 2 ∈ Ω such that for the connecting segment x 1 x 2 we have x 1 x 2 ⊂ Ω , we get
Therefore, any ρ-Lipschitz in Ω function f is locally Lipschitz in the Euclidean metric. By the Rademacher theorem, the function f has a total differential almost everywhere in Ω. In particular, the vector (f x 1 , f x 2 , . . . , f x n ) = ∇f (x) is defined almost everywhere in Ω.
Let Ω ρ be the completion of the domain Ω by the pseudometric ρ and let ∂Ω ρ = Ω ρ \ Ω. Assume that the completion Ω ρ is non-empty.
The following theorem is the main result of the present paper.
Theorem 2.
In order that the function φ : ∂Ω ρ → R be the trace on ∂Ω ρ for a function f : Ω → R satisfying the condition
it is sufficient that φ is ρ-Lipschitz and has the property
on every subset U ⊂⊂ Ω. In the case when the boundary ∂Ω ρ or the boundary function φ is bounded, condition (20) is also necessary.
Proof. By Lemma 3, it is necessary to establish the equivalence of restrictions (19) and (20). Suppose that (19) is held. We fix a set U with U ⊂ Ω and a subdomain Ω 1 ⊃ U with Ω 1 ⊂ Ω. Let x 1 , x 2 ∈ Ω 1 be arbitrary and choose a locally Lipschitz path γ : [0, 1] → Ω such that γ(0) = x 1 and γ(1) = x 2 . We have
Suppose that the points x 1 , x 2 ∈ Ω 1 are sufficiently near in the following sense: for every ε > 0 there is a path γ : [0, 1] → Ω 1 with γ(0) = x 1 and γ(1) = x 2 for which
If ∇f (γ(t)) exists almost everywhere on γ, then
H(γ(t),γ(t)) dt
Suppose that γ does not have the described property. Without loss of generality we may assume that the path γ is piecewise linear. We choose a unit vector θ such that for sufficiently small δ > 0 the parallel translation γ δ of the path γ on a vector δθ does not have intersections with each other. Using the Rademacher theorem about differentiability of Lipschitz functions almost everywhere, it is not hard to see that the function f has a total differential at almost every point x ∈ γ δ on almost all γ δ . Let γ δ m with δ m → 0 be a sequence of curves with this property, and let x 2,m and x 1,m be their end points. Arguing as for the proof of (21), we find
Going over to the limit for m → ∞ and ε → 0, we obtain
Similarly we get the inequality
Relations (22) and (23) imply (20).
Suppose that (20) holds. Let U ⊂ Ω 1 ⊂⊂ Ω and let h < 1 be a constant for which
for all x ∈ Ω 1 . Let l ⊂ Ω 1 be an arbitrary segment and let θ be a unit directing vector of the segment l such that
Since the function f is ρ-Lipschitz, the derivative ∂f ∂θ exists almost everywhere on l. In each point t 0 , where
If at a point t 0 for the derivative we have 
H(x + sθ, θ) ds ≤ h H(x + tθ, θ).
Since the choice of segment l ⊂ Ω 1 was arbitrary, we have ∂f ∂θ (x) ≤ h H(x, θ) for θ almost everywhere in Ω 1 . As ∂f ∂θ (x) = ∇f (x), θ almost everywhere, we have
and the theorem is proved
We say that a set K is ρ-compact in the pseudometric space (Ω ρ , ρ) if for any sequence of points
For an arbitrary pair of points x 1 , x 2 ∈ Ω ρ we set
Note that the set Γ(x 1 , x 2 ) is non-empty, since the points x 1 , x 2 lie in Γ(x 1 , x 2 ) at least. But, in contrast to a metric, the equality Γ(x, x) = x can be broken for the pseudometric ρ.
In the case when the extension of a function φ takes place from a compact set, the extension conditions may be essentially simplified. 
Proof. Condition (24) implies that φ satisfies the ρ-Lipschitz condition on K. Therefore, for the proof of the theorem it is sufficient to establish the equivalence of (25) 
By virtue of the assumptions on the sets K and U , there are points x 0 , y 0 ∈ K and z 0 ∈ U for which
From this by (26) we obtain ρ(
On the other hand, as (
Taking the limit, we establish that φ( 
where p ∈ M × δ L, π and η are natural projections on M and L, respectively, by
We shall consider Lorentzian warped spaces of the form M × δR , whereR is the real line provided by a negative definite metric. Suppose that the hypersurface F in M × δR is defined as the graph of a function f over a domain Ω ⊂ M . We give the condition under which it is space-like.
where the infimum is taken over all arcs γ ⊂ Ω joining points m 1 , m 2 ∈ Ω.
Lemma 6. The surface F is space-like if and only if
The proof can be found in [4: Section 3.4].
Assuming that the completion Ω r of the domain Ω by the metric r is compact, we obtain the following statement proved in [4] . 
Comparison with Euclidean boundary
The boundary data φ : ∂Ω ρ → R of a function f defined in a domain Ω ⊂ R n were understood above as limits of f (x) with respect to the pseudometric ρ. In the general case there are no relations between limited data f | ∂Ω and f | ∂Ω ρ . So, a very important problem is to find conditions on the distribution of convex sets Ξ(x), under realization of which the boundaries ∂Ω and ∂Ω ρ can be compared. In this section we obtain some results in this direction.
We consider the intrinsic metric on Ω 
and by the supposition on uniform continuity that sequence is ρ-fundamental. Therefore, the sequence defines some point x ∈ ∂Ω ρ . Set j(x) = x. It is clear that the mapping j : ∂Ω d → ∂Ω ρ is one-valued. Similarly we may define a single-valued mappingĵ :
Note the following simple statement. 
Conversely, if the point x ∈ ∂Ω ρ and the sequence {x m } for which ρ(
Clearly, a similar statement is true for a pseudometric ρ, uniformly continuous in the Euclidean metric
We give now a simple criterion of uniform continuity for the pseudometric ρ in the metric d Ω . For that we define the quantity
Lemma 8. If there is a constant c > 0 such that
Conversely, if there is a constant c > 0 such that
Proof. First of all, we observe that condition (27) implies
Fix points x, y ∈ Ω and a locally Lipschitz path γ : [0, 1] → Ω with γ(0) = x and γ(1) = y. We have
Taking the infimum over all paths γ, we get (28). Conversely, for any vector η ∈ R and going over to the infimum by all functions ρ in the preceding inequality, we find
Passing to the limit in this inequality for m → ∞ we obtain lim m→∞ mod p {δ m } = +∞ which contradicts to assumption mod p {δ m } ≤ ε 0 . In the case in which a is an intrinsic point of the domain Ω we do the same thing, but choose the balls not necessarily tangent to the boundary ∂Ω
Arbitrary codimension
In this section we give applications of our results obtained above to existence problems for space-like surfaces of codim > 1 with the prescribed boundary in the Minkowski space
be a domain and let
be a Lipschitz mapping, which gives a k-dimensional Lipschitz surface M with boundary L. The problem is to find conditions (necessary and sufficient) on the boundary L for the existence of a space-like surfrace with the same boundary. We shall find the solution of the problem in the form
where x i are coordinate functions for the surface F and the function f coincides with the function t on the boundary of the domain ∂Ω. The last condition means that the surfaces R and F have the similar boundary L. We put necessary notations for the partial derivatives of the vector function
, which exist almost everywhere because the surface is Lipschitz
Then the matrixes 
By virtue of all mentioned above, we may suppose that the matrix G is diagonal.
and
We need the following
We proceed by induction. It is clear that the statement is true for k = p − 1. We calculate the determinant of the order p, decomposing it by the elements of the first string, and get
Note that the determinants are of the same type except ∆ p−1 and therefore it is sufficient for us to calculate one of them, for example the last one. Multiplying the first column of this determinant consecutively by a i and adding it to the column with number i we find that
Substituting this in the expression for the determinant ∆ p and using the induction hypothesis for k = p − 1, we obtain
which was what we needed to prove Here the term 'volume' means the volume of the parallelepiped spanned by vectors in a space-like plane, on which an Euclidean structure may be naturally induced.
Proof of Lemma 10. Let e be a directing unit vector of a time axis and e = e T + e N be its decomposition into a tangent and a normal components to the plane Π. Then the desired cosinus of the angle is equal to
Denote by Π the projection of the plane Π to the hyperplane t = 0 and by π : Π → Π the respective projecting mapping. Since the ratio of squares in the lemma does not depend on the choice of vectors r 1 , r 2 , ..., r k , then we shall suppose that the vectors form an ortonormal base in Π. Also, we assume that 1, 2, ..., k) . We calculate the quantity ch θ(u). For that note that the volume of the parallelepiped, built on the vectors ∂F ∂u i , equals √ det G, but the volume of the parallelepiped spanned on their projections equals det (G − A). So using Lemmas 9 and 10 we get the equality
Thus, the condition for the surface M to be space-like is equivalent to the condition ess sup
for every compactly embedded subdomain K ⊂ Ω We define the quantity
where the infimum is taken over all rectifable paths γ : [0, 1] → Ω joining the points w and v. By condition (32) this quantity defines an intrinsic distance in the domain Ω. Further, we denote by Ω ρ the completion of the domain Ω by the metric ρ. Suppose that it is compact. Finally, set
Using Theorem 4, we obtain the following 
Now we consider the existence problem of C 1 -smooth space-like surfaces with prescribed boundary. First, we study the case when the surface is given by the graph of a function. Namely, suppose that t = t(x) (x ∈ Ω ⊂ R n be a Lipschitz function such that
Note that from (33) it follows for the surface t = t(x) to be space-like (see, for example, [4] ). The Lipschitz function may be changed to a smooth one by smoothing procedure.
Defintion. The function η is called smoothing, if
3) R n η(x) dx = 1.
As an example of such a function there may be chosen the function η defined by
where the constant C is defined by C = |x|<1 e
in the domain Ω with boundary condition u| ∂Ω = 1. By the maximum principle for the solution of the given equation, u(x) < 1 in Ω. We choose a point
. It is clear that the function ϕ may be continuously extended to the boundary ∂Ω ρ setting ϕ(x) = 1 for x ∈ ∂Ω ρ . The lemma is proved Lemma 13. There exists a function ε with prescribed properties (40) − (41).
Proof. Define the function by setting
, a(τ ) = sup
We find the function ε in the form ε(x) = ε(ϕ(x)) and require for it the execution of the more strong inequality than (41)
In virtue of the remark done earlier and the definitions of the functions δ(ϕ(x)) and a(ϕ), we can not simply put ε(ϕ(x)) = k 
The function b is decreasing. Let τ k be an increasing sequence of points converging to 1. We put < 1 in Ω and t = ψ on ∂Ω ρ , then there exists a smooth function t ε : Ω ρ → R such that |∇t ε (x)| ρ < 1 (x ∈ Ω) and t ε (x) = ψ(x) (x ∈ ∂Ω ρ ).
Theorem 8 claims that if a Lipschitz space-like hypersurface is given by the graph of a function, then there is a smooth space-like hypersurface with the same boundary. In the general case this is not true. Consider an example of a contour, which may be spanned by Lipschitz space-like surface, but there is no smooth space-like surface.
Example 2. Let Π = (u 1 , u 2 ) : −1 < u 1 < 1 and 0 < u 2 < 1 .
We consider the surface M given by the Lipschitz mapping
The desired contour is the boundary of a surface M. Clearly, M is a space-like surface, which consists of two parts of planes. If the obtained contour may be spanned by a smooth space-like surface M 1 , then a smooth curve joining the points A( 
This condition means that vectors orthogonal to the plane of a projection can not belong to tangent planes. We introduce the Riemanian metric h with the element of length ds 
